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Abstract

We prove Lindeberg’s central limit theorem in Glenn Shafer’s
event-tree framework for probability theory.

1 Theorem

Our definitions follow Shafer’s [6] Chapters 11 (event trees) and 12 (martin-
gale probability). For the first time the idea of martingale probability seems
to occur in Dawid [2] (for details, see [8], Section 3).

An event tree is a partially ordered set I' that satisfies

Axiom E1 Any two elements s and t of I are either ordered (i.e., s <t or
t < s) or divergent (i.e., there is no u € I' such that s <wu and t < u).

Axiom E2 T has an initial element O (that is, O < s for all s € T').

We call the elements of I situations, and we take s < ¢t to mean that ¢ cannot
happen unless s happens earlier.
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A path is a maximal set of ordered situations. We will consider only event
trees for which all paths are finite; let I' be such an event tree. We identify
the paths in I with the terminal situations of I' in a natural way: a path is
identified with its terminal situation.

The sample space is the set of all paths. A wariable is a real-valued
function on the sample space.

A process is a real-valued function on the event tree. A cut (of a situation
s) is a maximal set of divergent situations (after s). A martingale is a process
1 which satisfies

Axiom M Ifs el and = is a cut of s, then there exist situations ty,ts € =
such that p(ty) < p(s) < p(ta).

A catalog is a linear space M of martingales!. A catalog M is Doob if it
satisfies the following axioms:

Axiom VO M contains the constant martingales.
Axiom V1 Ifp € M and = is a cut, then Eg(pn) € M.

By E=(x) we mean the process i/ defined by

1'(s) = u(E(s)),
where

=(s) =

We will consider only catalogs which are Doob and satisfy the following
condition: if {yy |0 € O} is a locally finite family of martingales (in the sense
that for each situation s there exist only finitely many 6 such that py(s) # 0),
then > yce 1o is @ martingale.

Let M be a catalog on I'; we say that (I', M) is a martingale tree. An
M -martingale difference is a process of the form s +— p(s) — pu(s™), where s~
is the mother of s (except O~ :=0) and p € M. If U = U(w) is a variable,
we define the upper and lower expectation as follows:

s, if s is before =,
t € = such that t < s, otherwise.

EXU | M) :=inf{u(0) | p € M, u(w) > U(w), for all terminal w € T'},

'Note that under this definition we do not need de Finetti’s assumption of coherence
(which is about the same as the financial-theoretic requirement of nonexistence of arbitrage
opportunities).



E7U | M] = sup{p(D) [ p € M, p(w) < U(w), for all terminal w € I'}.

If s is a nonterminal situation and X is a partial process defined at least on
the daughters of s, we define the one-step-ahead expectations

EX | M] :=inf{u(s) | p € M, u(t) > X(t), for all daughters ¢ of s},
E;[X | M] :=sup{u(s) | p e M, u(t) < X(t), for all daughters t of s}.

If U is the indicator of an event (event is a subset of the sample space),
the definition of £ and £~ specializes to the definition of upper and lower
probability:

PHE|M] =& [(E) | M],

PTE|M]:=EI(E) | M],
where F is an event and T stands for the indicator. Note that always
EU|IM]=-ET[-U|M],
P [E|M]=1-PF[E| M].

Let (T',, M,) be a sequence of martingale trees and, for each n, U, =
U,(w) be a variable in (I',,, M,,). We say that U, tends to 0 in probability,

Un(w) 220, as n — oo, if
Vo > 0: lim PH|U,| > 0 | M,] = 0.

Notice that the definition of catalog implies that the lower expectation
never exceeds the upper expectation.

The following theorem, which is the main result of this paper, is analogous
to the martingale central limit theorem in Shiryaev [7], Theorem VII.8.4, and
Liptser and Shiryaev [5], Theorem 5.5.9. We let N'(du | m, 0?) stand for the
normal distribution in IR with mean m and variance o2. Each expression
A(w) containing w is interpreted as the variable w — A(w), w ranging over
the paths.

Theorem 1 Let (I',,, M,,) be a sequence of martingale trees and, for each
n, X, be an M,-martingale difference in (I'y, M) and =, be a cut in T,,.
Lindeberg’s condition

Vo>0. Y EHXZI(X.] > 6) | M, 250 (n — o0) (1)

$<En(w)



and the condition

S EFXZ|M,] M 0? (n— o0), (2)

where o is a positive constant, imply that, for every bounded continuous func-
tion f:IR — IR,

£* [f( > Xn<s>)|Mn] — [ H@N(@u]0,6%) (n— ). ()

s<En(w)

2 Proof

In the proof of Theorem 1 we shall use Lindeberg’s method; the simplest
variants of this proof appeared in [8] (the proof of Theorem 5) and [9] (the
proof of Theorem 6).

First we notice that it suffices to prove that (1) and (2) imply that, for
any bounded continuous f,

limsup &Y [f ( > Xn(3)> |Mn] < /_O:O fw)N(du|0,0%).  (4)

oo §<En (w)

(This is because this inequality will continue to hold if we replace f by —f.)
Fix bounded continuous f and assume (1) and (2); we are required to prove
(4). Without loss of generality we assume that each Z,, is the terminal cut
of I',,; therefore, we can replace =, (w) by w in (4).

First we assume that f is a smooth function that is constant outside a
compact interval. We introduce the function

Flath) — f(&) = F'(@)h— ()

g(h) = sup

and note that

7w+ 1) = f@)) = [F@n+ 55 @] < o) Q
and, for some constant K,
g(h) < K[nP, g(h) < Kh?, Vh. (6)
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We shall suppose that K > 2.
Fix arbitrarily small § € ]0,1[. Let e € |0,1] be so small that, for all
v e IR and all A € ]0,2¢],

'/ N(du|v,A) — f(v)| <& (7)

and

[LI@N@u00 49 - [T @M 0.0

Let us check that such e indeed exists. The existence of e satisfying (7)
follows from f being uniformly continuous and bounded—see, e.g., Feller [3],
Lemma VII.1.1. To prove the existence of € satisfying (8), it suffices to prove
that the variation distance between the normal distributions N (du|0, 0%) and
N (du|0,02+¢) tends to 0 as € — 0. By Shiryaev [7], Theorem II1.9.1, we can
here replace the variation distance with 1 — H, where H is the corresponding
Hellinger integral. An easy calculation shows that indeed H — 1 as € — 0.

Fix n so large that the lower probability of the conjunction of the three
inequalities

<. 8)

STEF[XZ | M, — 0| <, 9)
s<w
STEMXZI(|Xa| > 6%) | M,] < & (10)

s<w

is at least 1 — §. Inequality (10) implies
BN I(X,] 2 8) | M) <6 (1)

s<w

and, for all s < w,
E7[X] | M,] < 26*. (12)

We shall show that for some martingale F' € M,, we have
F(O) = / F)N(du| 0,02+ €) + (2sup | f] + 8Ko? + 13K)5 +6 (13)

and, for all w satisfying (9) and (10),

> f (Z Xn(t)) : (14)

t<w
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Since w satisfies (9) and (10) with lower probability at least 1 — 4, our goal
will be achieved (recall (8) and that ¢ can be taken arbitrarily small).
Put, for each situation s € I',,,

F(s):= /OO f(S(s) +u)./\/<du 10,0° +e— > EP[X?| Mn]> ,

- t<s

1
= ZXn(t)a Elsnean = §(Ej + Es_)’

t<s

and N (du|m,v) is interpreted as N'(du | m,0) when v < 0. The idea behind
the construction of F'is to “approximate”, in some sense, F'.
For each s € I',, and v € IR put

Fi(v) :== /O:O flo+u) N (du 10,0° +e— Y EP™[X?| Mn]) :

t<s

When t is a daughter of s and ¢ < w for an w satisfying (9) and (10), we find
(using Taylor’s formula and the fact® that (5) continues to hold when f is
replaced by Fj):

F(t) = F(s)
Fi(S(s) + Xn(t) = 25 Fu(S(s) + u) N (du | 0, EF"[XT | My])
<

(
[Fu(S(s)) + FL(S(5)) Xa(t) + $FL(S () X2(t) + g( X (1))]
—[Fu(S(s)) + L FI(S(s) ERen (X2 | M,)] (15)
+ %% g(u) N (du | 0, EZem X2 | M,))]
= F/(S(5)) Xalt > - %F:(S( )) (X2(t) — Een[X2 | M,))
+{g(Xa() + [ g(u) N (du | 0, B[ X2 | M,])} .

2This fact follows from Kolmogorov’s [4] Theorem IV.5.1: we can average (5) with
respect to x distributed as

N (du |v,0% +¢€— ZEinean[XZ | Mn]) .

t<s



Let us estimate the “remainder” in the braces in (15): using the inequality
g(h) < K|h]P1(|R| < 6) + KR*1(|h| > §) < K6h* + KR*T(|h| > 6), (16)
which follows from (6), we obtain
9(Xa(t)) < KOX(t) + KX;(6) 1(|1 X, (t)] > 0);
and using (16) and (12), we further obtain

[ g(W) N (du | 0, EF[X7 | M,)])
< K& [ u? N (du | 0, Emean[X2 | M,])
+K [ u?I(Ju| > 6) N (du| 0, Em[X2 | M,,])
< KOEP (X7 | My + 5 25 [uP N (du | 0, EP* X7 | M,])
< KOE™e[X2| M,] + £ (Brean[X2 | M,))** [, Jul® N(du | 0,1)
< KOE™n[X2 | M,] + KEDen [ X2 | M,]26°3
— TKSE™ (X2 | M,)].

Therefore, we obtain from (15):

F(t) — F(s)
< F{(S(s))Xa(t) + 5FY(S(5)) (X7(t) — e[ X7 | M,]) (17)
+KO0X2(t) + KX2(t) 1(| X0 (t)] > 0) + TKIER [ X2 | M,,].

For each s € T',, define the level of s to be
lev(s) == #{t |t < s}.

If s € ', and pu is a process, the s-local component Loc,(p) of p is the only
s-local process (a process is s-local if p(d) = 0 and p(t;) = p(t2) whenever
t1 # s and ts is a daughter of ¢;) which satisfies

Loc,(p)(t) — Locs()(s) = pu(t) = p(s), t € D(s),

D(s) being the daughter set of s. Note that u can be recovered from Locg(u),
sely:

p=p(0) + > {Locy(u) | s is a nonterminal situation}.
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For each s € T, fix three s-local martingales us, ut, u; € M, such that,
on D(s),

s > X21(|X,| > 0) — EF[X21(|X,| > 6) | M,] — 627 1ev()
Iqu 2 X2 E:[X?L ‘ Mn] . 52716V(S)
o < X2 —ED[X2| M)+ 62716,

Now we can define the martingale F'. The initial value F'(0) is given by (13),
and for each nonterminal s € T',, the s-local component of F is defined as the
following weighted sum of g, uf, u;, and the s-local component of X,,:

_ 1
Loc,(F) = F{(S(s)) Locy(Xy) + Kol + Kpus + SF/(S(9))1,
where
L oud i F(S(s) >0,
o "2 e, i F(S(s)) < 0.
We deduce from (17):
F(t) = F(s) < F(t) — F(s)
+1sup |/ (EJ[XHM];ES[ M) 4 59— 1evs>
+K0 (BIX2 | M,] + 627 1))
+K (B [X21( X, > 6) | My] +6271)) 4 TRSED"[X2 | M,].

Therefore, for each w satisfying (9) and (10) we obtain (without loss of gen-
erality we assume € < §):

F(w) - F(0) < F(w) - F(O)
+2sup | f”|(e +26) + Kb6(o? + €+ 26) + K (6 + 26) + TKS(o? + ¢)
< F(w)— F(O)+ (2sup|f”| + 8Ko* + 13K) ¢
(see (9) to (11)). So we obtain:
F(w) > F(O)+ F(w) — F(O) — (2sup |f"| + 8Kc? + 13K) §
= F(w)+6 = % f(u) N(du | S(w), D)+ = f(S(w))
(see (7)), where A € [0,2¢]. Hence we established (14), which completes the

proof under the assumption that f is smooth and constant outside a finite
interval.



Lemma 2 For any o > 0, € > 0, and bounded continuous f:IR — IR, there
exists a smooth and constant outside a finite interval function f such that
[ <[ and

[Zﬂ) (du | 0,02) </ N(du|0,0%) +e. (18)

Proof There are an increasing finite sequence t1, ..., %, of real numbers and
a function ¢g: IR — IR which is constant on each of the intervals

]—OO,tl] ,]t]_,tQ] g ,]tk—btk] ,]tk, OO[

and satisfies g(—o0) = g(o0) and
fgg,/oo g(u) N(du|0,0%) </ N(du|0,0%) + %

It is well known that there exists a smooth function ¢: IR — [0, 1] such that
o(t) = 1for t < 0 and ¢(t) = 0 for t > 1 (see, e.g., (7.1) of Billingsley

[1]). Choose § > 0 which does not exceed any of the values 254 . =le=t,

Using the function ¢, one can easily construct a smooth function f such that:
e g</
o f(t)=g(t) for each t ¢ UF_,]t; — 0,t; + [ ;
o f(t) € [g(ti—), g(t;+)] when t € Jt; — 6, ¢; + 4.

Choosing sufficiently small §, we ensure

[:() (du|0,0?) </ N(du]0,0%) + 5.

O

Now we can easily finish the proof. We are required to establish (4) for

any bounded continuous f. By Lemma 2, there exists a smooth and constant

outside a finite interval function f such that f < f and (18) holds. Since (4)
holds for f, we have:

lim sup, . E4[£(S) | My] < limsup, ., E*[(S) | M,
< 2% Flu) N(du ] 0,0%) < [, f(u) N (du |0,0%) + €

Since € can be arbitrarily small, this proves (4).
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