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In the talk I state several results without proof (or only with a proof sketch, such
as the game-theoretic strong law of large numbers). This note gives references
to papers and technical reports where full proofs and more general statements
can be found.
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A more detailed description of the theory’s forecasts is as follows. Given the
parents’ genotypes FyFy and M Ms, the theory’s forecast for the child’s geno-
type is the probability measure that assigns a weight of 1/4 to each of the four
genotypes Fy My, Fy My, FoMy, Fs My (with the letters in each of the four geno-
types sorted alphabetically, and if some of these genotypes happen to coincide,
their weights should be combined).
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For other examples of open theories, described from the point of view of game-
theoretic probability, see, e.g., [16], Section 8.4 (quantum mechanics as formal-
ized by von Neumann, Cox’s regression model), and [21] (the “classical theory
of probability”).

In principle, even open theories can be tested using measure-theoretic prob-
ability. These are two examples of how this could be done in the case of the
theory of human blood group inheritance:

e To test the theory, we might only record the genotypes of the children
born, say, to OO/AB parents. According to the theory, the genotypes of
such children with be independent and will take values AO or BO with
equal probabilities 1/2; this is just like tossing a fair coin, and one could
use standard methods to reject the theory when the long-term frequency
of AO is significantly different from 0.5.



e We could record all observations (the parents’ and the child’s genotypes)
and consider the composite null hypothesis consisting of probability mea-
sures with the conditional probabilities of the child’s genotype given the
parents’ genotypes agreeing with the theory. Testing this composite null
hypothesis using standard methods appears to be the closest approxima-
tion to prequential testing in measure-theoretic probability (cf. the strong
prequential principle in [9]).

However, prequential testing seems to be the cleanest general procedure.

Another interesting case is where Forecaster is a human, such as a weather
forecaster. It can be argued that weather forecasters never follow a forecasting
strategy: their methods only work for a narrow range of conditions similar to
the usual ones. (And so measure-theoretic probability is not a suitable tool for
testing their forecasts.)

For A. P. Dawid’s exposition of the prequential principle, see, e.g., [5] (the
principle introduced), [6] (where the prequential principle is recast as a metacri-
terion, M2, for choosing a criterion of success for forecasting systems), [8] (where
the prequential principle is complemented by the prequential and partial pre-
quential models) and [9] (where the prequential principle is complemented by
strong and super-strong prequential principles). My personal view is that the
(weak) prequential principle remains the most fundamental element of the pre-
quential approach.
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It is Sceptic’s responsibility to ensure that f, is P,-integrable.
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The measure-theoretic formalization of (1) on slide 9 can be found in, e.g., [16],
Corollary 8.1 (this result is derived in [16] from a game-theoretic result; for a
derivation not using game-theoretic probability see, e.g., [17], Theorem VII.5.4).
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The web site for Iowa Electronic Markets is http://www.biz.uiowa.edu/iem/.

For the general definition of game-theoretic probability, see [9], Section 7.2,
and [16], Section 7.1; for the case of probability forecasting, see also [21], Section
4. The more general notion of game-theoretic expectation can also be defined
([16], Section 7.1).
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For the details of this proof (going back to Ville’s [18] martingale proof of the
law of the iterated logarithm), see [16], Section 3.2.
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The “weakly force” in the statement of the lemma means that Sceptic has a
strategy that does not risk bankruptcy and ensures that either sup,, K,, = oo or

1 n
lim sup — ; < €.
msup - ; Yi
The “a.s.” means that the event is almost certain. It is clear that we can set
Ly := 0 without loss of generality.
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Kolmogorov’s SLLN, generalizing the simple SLLN given in the talk to un-
bounded observations, is considered in Chapter 4 of [16]. In the forecasting
protocol used for this result, Forecaster is asked to announce not only p, (his
expectation for y,) but also v, (his expectation of the squared deviation of y,
from py,). The assumption that y, are bounded is relaxed to

> v
n
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n
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An opposite statement (asserting the existence of a strategy for Reality) is also
proved.

Kumon, Takemura and Takeuchi have studied game-theoretic versions of the
classical SLLN (also due to Kolmogorov) for independent identically distributed
observations [14].

The law of the iterated logarithm is treated in Chapter 5 of [16]. The game-
theoretic treatment reveals new features of the iterated-logarithm phenomenon;
for example, it turns out that the two parts of LIL (validity and sharpness)
require different assumptions.

A game-theoretic version of Lindeberg’s CLT is proved in Chapter 7 of [16].
The versatility of the game-theoretic framework is demonstrated in the previous
chapter (Section 6.3), where an important one-sided CLT is proved (based on
Doob’s parabolic potential theory [10]).

Continuous-time processes are treated in [16] using non-standard analysis
(see, in particular, the treatment of stochastic differential equations in Chap-
ter 14). A game-theoretic treatment of two simple kinds of continuous-time
processes (counting and diffusion processes) not using non-standard analysis is
presented in [20].
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The most influential advocate of the idea that a theory is rejected only when it
is replaced by a better theory was perhaps Kuhn [13], but this idea also pervades
much of the classical theory of testing statistical hypotheses, with its emphasis
not only on the null but also on the alternative hypothesis.
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Proposition 2 is proved in [30] (see Theorem 2 of that paper, which also contains
an opposite statement to Proposition 2).

The first Jeffreys’s law was proved by Dawid ([6], Theorem 7.1), although
Blackwell and Dubins [2] were among important predecessors. A result similar
to Proposition 2 but stated in terms of absolute continuity and singularity of
probability measures (analogously to Blackwell and Dubins’s result) was ob-
tained by Kabanov, Liptser and Shiryaev [12].
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The statement that any continuous strategy for Sceptic can be transformed into
a strategy for Forecaster that does not allow Sceptic’s capital to grow is true for
a wide range of prediction protocols: see [31] (Theorem 1) and [28] (Lemma 3).
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For details and implications of Takemura’s procedure, see [32].
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The idea of defensive forecasting was applied to calibration and resolution in [25].
The exposition closest to that of this talk is in [26]. In particular, Proposition
4 follows from [26], Theorem 2 in combination with (15) (cf. (37)).
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Derivation of a strategy for Sceptic ensuring

n

Z(yi — i)

i=1

<c

using defensive forecasting from a law of large numbers can be found in [32],
Section 4.1.
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A convoluted LLN is proved in [31], the end of Section 5.
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Good sources for the theory of Besov and equally important Triebel-Lizorkin
spaces, By , and Fj  respectively, are [1] and [11]. These two scales of func-
tion spaces include many classical function spaces, such as Sobolev spaces and
Holder—Zygmund spaces (see slide 45). In the talk I concentrate on Besov spaces,
but most of the results carry over to Triebel-Lizorkin spaces.



Important function classes not covered by these two scales are various classes
of analytic functions.
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Dawid’s example is described in [7].

There is no contradiction with Proposition 4 because the u,, output by the
forecasting algorithm of Proposition 4 in response to Dawid’s strategy for Reality
will tend to 0 so fast that moderate-norm F € B5 , (namely, F with || F|| < n'/?)
will not be able to tell on which side of 0 the p,, is.

For a further discussion of Dawid’s example, see [32], Section 4.4.
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The idea of using defensive forecasting for competitive decision making was
introduced in [24] and further developed in [26] and [28]. In particular, Propo-
sition 5 is proved in [26] (see (5), which, however, assumes p = ¢). The 1988
result by Cobos and Edmunds used in the proof is Theorem 3 of [4].

In the proof of Proposition 5, which involves a very simple loss function,
probability forecasting (as used on slides 40-42) can be replaced by mean-value
forecasting (the protocol of slide 10). The sketch on slides 40-42 is formalized
in [29].
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The Aggregating Algorithm was introduced in [19]; for a more general descrip-
tion, see [23]. Its optimality, in a natural sense, was proved in [22]. There are
many other similar algorithms, some of which more computationally efficient
than the AA; for a recent review of the field, see [3].
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Proposition 6 is proved in [27] (inequality (52)). Edmunds and Triebel’s result
used in the proof is Theorem 3.5 in [11] (applied to 1 := s, p1 :=p, @1 = q,
s2 := 0, p2 := 0o and g2 := 1, in combination with (2.3.3/3)). This is a very
general result giving precise estimates of the metric entropy of the unit ball in
various Besov spaces considered a subset of another Besov space; we needed a
small part of it. Once the metric entropy of the unit ball is known to be not
too large, the unit ball can be approximated by a finite set of functions, which
can be merged using the AA. Further merging over balls of various sizes gives
a decision strategy competitive with the Besov space.

The “regret term” (such as the second line of the formula in Proposition 6)
grows as O(n~%) for some o € (0,1) in the case of Besov spaces. For finite-
dimensional benchmark classes (such as the class of linear functions on a subset
of Euclidean space) the regret term can be as small as O(log n/n) ([23], Theorem
1). Even for some infinite-dimensional classes dense in the class of all continuous



functions, such as various classes of analytic functions, it can be as small as
O(log®n/n) for a constant ¢ ([27], Section 5).

The argument of slides 46-47 uses the Sobolev embedding theorem: see, e.g.,
[11],

(3.5/1).
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