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Prediction with expert advice: we are given a pool of decision
strategies (more generally, of experts) and our goal is to
perform almost as well as the best strategy in the pool. NoO
assumptions about the environment.

Defensive forecasting: a new proof technique in prediction with
expert advice.

This talk: prediction — forecasting or decision making.



Decision-making protocol:

Lossg := 0.

FORn=1,2,...
Reality announces z, € [0, 1]#.
Decision Maker announces vy, € [0, 1].
Reality announces y, € {0, 1}.
Lossy, := Loss,,_1 + A(yn, vn).

END FOR.

xn. Object; K. the number of attributes; y,: label; X: the loss
function.



Decision rule D : [0,1]¥ — [0, 1].

We want to compete against decision rules that are not too
weird with no assumptions about Reality. Let K = 1 at first.

The Fermi—Sobolev norm ||f]| of f:[0,1] — R is defined by
1 2 1
|£IEs = ( | dt) + [ (r®)" at

Assume, for simplicity, that f is Lipschitzian:

Sup |f(t1) — f(t2)] <
t17to t1 — to]




Proposition Suppose K =1 and A(y,vy) = |y — v|. Decision
Maker has a strategy that guarantees

|2D — 1f|gg + 1
v N

anl A(yn, ) < N z:: A(yn, D(zn)) +

for all N and all Lipschitzian D.



When is Decision Maker competitive with D? Let

f:=2D—-1¢[-1,1]

(“symmetrized” D).

We have

1 1
[ fllgs < /O F() dt| + \//O (f’(t))2 dt < 1+ “mean slope of f".

OK if the mean slope <« v N. Especially simple case:
continuous piece-wise linear functions.

Later: K > 1, other loss functions.



The rest of this talk: how to prove this and many other results.

e Game-theoretic vs. measure-theoretic probability (main
example: game-theoretic vs. measure-theoretic SLLN)

e Defensive forecasting: laws of probability — forecasting
algorithms

e Implementation: WLLN — K29

e [ heoretical properties of K29: calibration and resolution;
Fourier kernel

e Use for decision making



There are 2 main ways to formalize probability: measure (Borel
/ Radon / Fréchet / Kolmogorov) vs. gambling (von Mises /
Ville / Kolmogorov).

I will demonstrate the difference on the simplest martingale
SLLN. Let y1,vyo,... be random variables s.t. y, € [0, 1] for all n;

let pn :=E(yn|y1,---,Yn—1). Then

1 N
Neoo N nzzzl (yn pn)

with probability 1.



Game-theoretic SLLN for uniformly bounded observations
Forecasting protocol:

’Co = 1.

FORn=1,2,...:
Forecaster announces py, € [0, 1].
Skeptic announces S, € R.
Reality announces y, € [0, 1].
Kn = Kp—1+ Sn(yn — pn).

END FOR.

ICrn: Skeptic's capital.

I will be mainly interested in the case: y, € {0,1} (binary
probability forecasting); Reality’'s move z, can also be added at
the beginning of each round.



The difference between the two protocols

e In the forecasting protocol, our goal to produce true
probabilities (probabilities one cannot gamble against).

e In the decision-making protocol, we are merely minimizing
our loss.



Proposition (game-theoretic SLLN) Skeptic has a strategy
which guarantees that

e /Cp IS Never negative

e cither

1 N
Neboo N nzzjl (Yn — Pn)

(pn are unbiased) or

n—aeo
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The measure-theoretic SLLN follows easily: if Reality is
oblivious (does not pay attention to what her opponents do)
and uses a randomized strategy (probability measure P on the
sequences of Reality’'s moves) and Forecaster computes his
moves as conditional expectations w.r. to P: K, is a
non-negative martingale, and so IC;, — oo with probability O.

Game-theoretic SLLN:
e Reality need not be oblivious (or even follow a strategy)

e Forecaster need not ignore Skeptic (this is what makes
defensive forecasting possible!)

Caveat: I assumed that Skeptic’'s strategy was measurable.
Fact of life: for all kinds of limit theorems, Skeptic’s strategy
we construct is measurable; moreover, it is continuous.



Recent observation: this approach can be used for designing
learning algorithms.

For any continuous strategy for Skeptic there exists a strategy
for Forecaster that does not allow Skeptic’s capital to grow.



Modified protocol:

Ko :=1.
FORn=1,2,...:
Reality announces z, € [0, 1]¥.
Skeptic announces continuous Sy : [0,1] — R.
Forecaster announces p, € [0, 1].
Reality announces y, € {0, 1}.
Kn = Kp_1+ Sn(pn)(yn — pn).
END FOR.

Theorem 1 (Takemura) Forecaster has a strategy that
ensures Kg> K1 > Ko---.
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Proof
e choose p, so that Sy (pn) =0

e if the equation S,(p) = 0 has no roots (in which case Sy,
never changes sign),

(1 ifs,>0
Pr-=30 ifs, <o

QED



Research program I (forecasting)

e Open a probability textbook and decide which property
(such as LLN, CLT, LIL, Hoeffding's inequality,...) you
want Forecaster’'s moves to satisfy.

e Prove the corresponding game-theoretic result.

e Apply Theorem 1.



What does it give in the case of LLN?

In fact, nothing interesting: Forecaster performs his task too
well. E.g., he can choose

_ 1/2 ifn=1
Pn -— .
yn—1 Otherwise,

ensuring

n

d (yi—pi)| <1/2
i=1

for all n (much better than using the true probabilities).




We need a “convoluted” LLN. Suppose @ : [0,1] x [0,1]* — H
(feature mapping) and

sup [[®(p,x)| < 1.
p,T
The convoluted LLN: for any § € (0,1),

1
S

vV N§

with probability at least 1 — §. An easy modification of the
standard statement (® = 1, Kolmogorov 1929). True both
measure-theoretically (with ® measurable) and
game-theoretically.

1 N
N Z (yn — pn) P(Pn, Tn)
n=1




Let
k((pax)a (p,7$/)) — (D(p,$) ) Cb(plawl)'

(Remember the “kernel trick’.) Suppose k is continuous in p.
Applying Theorem 1 to Kolmogorov's proof: there exists a
forecasting strategy (the K29 algorithm with parameter k) that
guarantees

1
<

VN

(somewhat better than when using the true probabilities, esp.
in view of the LIL).

VN :

1 N
N Z (yn — pn) P(pPn, Tn)
n=1




If the “surface” & is sufficiently convoluted: *“calibration” and
“resolution’ ; e.g., think of the Gaussian kernel: distant points
are virtually orthogonal.



We can take H = R with the dot product

u-v .= Z aAmUuUmUVm,
meM

for fixed am >0, > ,,am = 1, and

P(p,x) = (fm)men s

where

fmo,m,..mpe (D, 1,...,Tg) := COSTMQpP COS TM12]
0

is the Fourier basis.
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For suitable a;, and the corresponding kernel:

Theorem 2 K29 with this kernel ensures

K+1
( ) 1fllEs
V3 vV N

1 N
anzjl(’yn —pn) f(pn, xn)| <

for all N and all Lipschitzian f.

Definition: The FS norm of f(tg,t1,...,tx) is defined by

||f|||2:S = SQ (/ / f(to, ce 7tK—|—1) dtil I

{ilv Zk}c{ovla 7K}
where the seminorm S(g) of g(s1,...,s;) is defined by

kg(sq,...,s
S52(g) —/ / (8 ((99.211, kk>> dsq--- dsg.




Research program II (decision making)

e Supposing you know the true probabilities generating the
observations, construct a decision strategy with desirable
properties.

e Isolate a continuous law of probability implying those
desirable properties.

e Use defensive forecasting to get rid of the true probabilities;
this can be done as defensive forecasts are as good as the
true probabilities, as far as the given law of probability is
concerned.



Fix a choice function G : [0,1] — T
G(p) € argmin A(p,7),
yel

where
A(p,7v) == pA(1,v) + (1 —p)A(O0,7).

For the square and log loss functions one can take G(p) := p.

The exposure of G:

Expa(p) := A(1,G(p)) — A(0,G(p))

(assumed Lipschitzian; a modification of this definition also
works for the absolute loss function).



The exposure of a decision rule D : [0, 1]K — [

Expp(z) := A(1,D(z)) — A(0, D(x))

(assumed Lipschitzian).

Informal corollary The decisions v, := G(pn) ("ELM
principle” ), with p, output by K29 with the Fourier kernel,

satisfy

1 N
N Z (yn,’Yn) S — Z A(yn, D(zn))

for all N and all decision rules D with a small ||[Expp|/gs.



Proof Subtracting

A(p,v) = pA(1,7) + (1 —p)A(0,7)

from

Ay,v) = yA(1,v) + (1 —y)A(0,7)

gives

Ay, 7) = Mp,7) = (¥ = p)(A(L,7) = A(0,7)).



In conjunction with Theorem 2:

N N
Z A(Yn,n) = Z A(yn, G(pn))

N N
= 3 A, Gn)) + Y (Awn. Gon)) — Apn, Gpn))

N N
= 3 An GEn)) + X (wn — o) (AL, G(pn)) — A0, G(pn)))
n=1

n=1

N
é Z A(pn, G(pn))
n=1



N
< Z A(pn, D(zn))

n=1
N

N
> Ayn, D(n)) = X (A(wn, D(n)) — A(pn, D(wn)))
=1

n=1

N N
= 3 Awn D)) = 3 (a — p) (AL, D(@n)) — A0, D(wn))
n=1

n=1

N
< Y Ayn, D(zn)).
n=1



Summary of the proof technique: to show that the actual loss
of our decision strategy does not exceed the actual loss of a
decision rule D by much, we notice that

e the actual loss Z,{le Ayn, G(pn)) of our decision strategy is
approximately equal, by Theorem 2, to the (one-step-ahead

conditional) expected loss Zﬁle A(pn, G(pr)) of our
strategqgy;

e Since we used the Empirical Loss Minimization principle, the

expected loss of our strategy does not exceed the expected
loss of D;

e the expected loss of D is approximately equal to its actual
loss (again by Theorem 2).



Theorem 3 Suppose A(y,7) = |y — 7| or A(y,7) = (y — 1=
Decision Maker has a strategy that guarantees

N N 1 > K \/_

for all N and all Lipschitzian D.
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Suppose

—In~ ify=1
Ay, ~) =
(v, 7) {—In(l—y) ify=0.

Decision Maker has a strategy that guarantees

N N 2\% 1 1-D
> Ayn,m) < ) Myn, D(2,))+0.73 ((\@) Hln 5 |FS + 1) VN

for all N and all Lipschitzian D.

Can be extended to essentially any loss function.



Further details

Game-theoretic probability:

Glenn Shafer and Vladimir Vovk, Probability and finance: it's
only a game, New York: Wiley, 2001

Defensive forecasting:

http://www.probabilityandfinance.com, Working Papers 8, 10,
13, 14.

Previous work: Foster and Vohra (1998); Fudenberg, Levine,
LLehrer, Sandroni, Smorodinsky, Kakade,. ..



