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This paper [3] makes (at least) two important contributions to the decision-
theoretic framework for on-line prediction (DTOL), introduced by Freund and
Schapire’s [4]:

• The bound for the proposed prediction algorithm works well when the
“effective” number of actions is much smaller than the nominal number
of actions.

• The actions that perform worse than the prediction algorithm are ignored
by the algorithm.

As the authors say in Section 4, the second feature of their algorithm is shared by
polynomial weights algorithms, but the first contribution is a real breakthrough.

The paper is very clearly written. I strongly recommend reading its first
section to everybody interested in prediction with expert advice. The difference
that the authors make between the “nominal” and “effective” numbers of actions
(more generally, of experts) is important, and I do not remember seeing it clearly
discussed in other papers.

Cesa-Bianchi and Lugosi’s result

The main result of [3] is Theorem 1 on the fourth page (one of my minor
complaints about [3] is that the pages are not numbered). Perhaps the strongest
known result of a similar flavour is Theorem 2.3 in Cesa-Bianchi and Lugosi’s
book [2] (p. 16), discussed in [3], Section 4. However, Theorem 2.3 of [2] is
not stated in the DTOL framework, and I will start this section by explaining
connections between DTOL and the more general framework of prediction with
expert advice (in principle, these connections are well known, but I will spell
them out for the sake of readers from outside this area).

In the DTOL framework, the learner interacts with his environment in dis-
crete time, t = 1, 2, . . . . In round t he chooses a weight distribution (pi,t)N

i=1 on
the set {1, . . . , N} of N actions (so that p1,t, . . . , pN,t are nonnegative numbers
summing to 1). At the end of round t the learner is told the loss li,t ∈ [0, 1] of
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each action i = 1, . . . , N in this round, and his loss is defined to be the mean
value

lA,t =
N∑

i=1

pi,tli,t.

A typical result that we are interested in in the DTOL framework is that the
learner can guarantee that, for all i,

T∑
t=1

lA,t ≤
T∑

t=1

li,t +
√

(1 + lnN)
(
78T + 32 ln2 N(40.8 + lnN)

)
(1)

(this is a special case of the second part of Theorem 1 in [3]).
In the framework of prediction with expert advice (as described in, e.g., [2],

p. 7), in each round t the learner has access to decisions (or predictions) (γi,t)N
i=1

made by N experts, is required to come up with his own prediction γt, and is
told the outcome ωt produced by the environment. The loss suffered by the
learner and each expert is measured by a loss function λ(γ, ω), which will be
assumed to take values in the interval [0, 1].

An important special case is where the allowed predictions form a convex
set in a linear space and the function λ(γ, ω) is convex in its first argument γ.
It is very easy to see from (1) that in this case the learner can guarantee

T∑
t=1

λ(γt, ωt) ≤
T∑

t=1

λ(γi,t, ωt) +
√

(1 + lnN)
(
78T + 32 ln2 N(40.8 + lnN)

)
(2)

for all i. Indeed, the learner can use the strategy guaranteeing (1): in round t
he should just output any decision γt satisfying

λ(γt, ω) ≤
N∑

i=1

pi,tλ(γi,t, ω)

for any ω; by the convexity condition, γt =
∑N

i=1 pi,tγi,t will do.
On the other hand, if we know that (2) holds for all loss functions that are

convex in the first argument, we can easily deduce that (1) holds in the DTOL
framework. (Remember that loss functions are always assumed to take values in
[0, 1].) Indeed, the DTOL framework corresponds to the following special case
of prediction with expert advice:

• the outcome ωt is defined to be the vector (l1,t, . . . , lN,t) of the actions’
losses;

• the learner’s prediction γt is the vector (p1,t, . . . , pN,t);

• there are N experts, with expert i = 1, . . . , N predicting γi,t =
(0, . . . , 0, 1, 0, . . . , 0) (the only 1 is at the ith position);

• the loss function λ(γ, ω) is the dot product γ ·ω of the prediction and the
outcome.
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We can see that results of the type (1) can be readily translated from the
DTOL language to the language of prediction with expert advice, and vice versa.
However, the equivalence between DTOL and prediction with expert advice is
limited: there are many results in prediction with expert advice for specific loss
functions (such as the absolute loss function: see, e.g., [2], Chapter 8), and there
is no way to translate such results into DTOL. It appears that “specialization”
would be a better term than “generalization” to use in the title of [4].

Theorem 2.3 in [2] (p. 17) say that in the case where the loss function is
convex in the first argument the learner can guarantee

T∑
t=1

λ(γt, ωt) ≤
T∑

t=1

λ(γi,t, ωt) +
√

2T lnN +

√
lnN

8
(3)

for all i. This implies that in the DTOL framework the learner can guarantee

T∑
t=1

lA,t ≤
T∑

t=1

li,t +
√

2T lnN +

√
lnN

8
(4)

for all i.
Chaudhuri et al. ([3], Section 4) cite [1] as the source of this result. This

is a misunderstanding: Cesa-Bianchi and Lugosi say in [2] (p. 36) that the
analysis of Theorem 2.3 is adapted from [1], not the theorem itself; I could not
find anything like Cesa-Bianchi and Lugosi’s Theorem 2.3 in [1]. It appears
that the algorithm achieving (4) was first explicitly described by Kalnishkan
and Vyugin in [5] under the name of the “weak aggregating algorithm” (Cesa-
Bianchi and Lugosi’s name is the “exponentially weighted average forecaster
with time-varying potential”). Some of the ideas used in this algorithm go
back to [1] (as it so often happens in learning theory, they were rediscovered
independently by Kalnishkan and Vyugin). The bound given in [5] is somewhat
weaker than (4) (unless T = 0); in the language of DTOL it can be written as

T∑
t=1

lA,t ≤
T∑

t=1

li,t + 2
√

T lnN. (5)

Competing with an unknown effective number of
actions

The bounds (4) and (5) are significantly stronger than (1). However, (1) can be
strengthened to

T∑
t=1

lA,t ≤
T∑

t=1

li,t +

√(
1 + ln

1
ε

) (
78T + 32 ln2 N(40.8 + lnN)

)
, (6)

where i is the bεNcth best action, for any ε ∈ (0, 1) (this is a special case of
the first part of Theorem 1 in [3]). The last inequality is the same as (1) for
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ε = 1/N , but the generalization to an arbitrary ε ∈ (0, 1) is very important:
if, for example, there are only K “effective actions” and each effective action
is copied by N/K � 1 “nominal actions”, we can take ε = 1/K rather than
ε = 1/N (see [3], Section 1).

A natural question is whether the ability to cope with a small effective
number of actions is a genuine advantage of Normal-Hedge over alternative
algorithms; one might suspect that the authors of the alternative algorithms
simply did not bother to write out their bounds in terms of ε rather than N .
For example, the bounds for the weighted majority algorithm or the aggregating
algorithm are usually stated in terms of N , but it is trivial to replace the term
lnN by ln 1

ε .
I believe that the advantage of Normal-Hedge is genuine. The argument in [2]

(Theorem 2.3) is based on tracking the performance of the best nominal action,
and I cannot see how it could be adapted to the case of a small (and unknown)
number of effective actions. My understanding of the intuition behind Cesa-
Bianchi and Lugosi’s argument is rather weak, but I understand Kalnishkan
and Vyugin’s [5] argument much better (I even tried to rewrite it in the form
that I find more intuitive: see [7]). Kalnishkan and Vyugin’s argument gives

T∑
t=1

lA,t ≤
T∑

t=1

li,t + c
√

T +
1
c

√
T ln

1
ε
,

where c is an a priori chosen constant and i, as before, the bεNcth best action.
If ε were known in advance, we could optimize c to obtain

T∑
t=1

lA,t ≤
T∑

t=1

li,t + 2

√
T ln

1
ε
,

which would compare favourably with (6). However, as ε is unknown, we cannot
get anything better than

T∑
t=1

lA,t ≤
T∑

t=1

li,t + O

(√
T ln

1
ε

)
,

which is significantly worse than (6) as T →∞ and ε → 0.

Comparison with the Hedge algorithm

There is another loss bound for the DTOL framework which is not comparable
with either (4) or (6). Cesa-Bianchi and Lugosi ([2], Section 2.4) refer to this
bound as an improvement for small losses. Freund and Schapire prove in [4]
(Theorem 2) that their Hedge algorithm guarantees

T∑
t=1

lA,t ≤
η

∑T
t=1 li,t + lnN

1− e−η
(7)
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in the DTOL framework, where η > 0 is the chosen “learning rate”. (Cesa-
Bianchi and Lugosi [2] state this result as Theorem 2.4 and attribute it to
Littlestone and Warmuth [6].) For N → ∞ the loss bound (7) is optimal ([4],
Theorem 3), but for finite N it can be improved to

T∑
t=1

lA,t ≤
η

∑T
t=1 li,t + lnN

N ln N
N+e−η−1

(8)

([8], Example 7). The last bound is obtained for the aggregating algorithm and
it is easy to check that we can replace the lnN in the numerator of the right-
hand side of (8) by ln 1

ε . Therefore, we can also replace the lnN in (7) by ln 1
ε

(this is part of Theorem 2 in [4]).
To summarize, at this time we have (at least) three incomparable results in

the DTOL framework: (4), (6), and (8) (or (7) when N is large). Of these, only
(6) and (8) can cope with a small number of effective actions.

Other remarks

There is an inaccuracy in the only displayed equation on the first page of the
paper: ln3 N should be multiplied by ln 1

ε . This formula mentions T , whereas
there is no T in Theorem 1 (and t is not even defined there). In lines 3 and 8
after this formula, ln3 N should read ln4 N .

I found the description of the intuition behind Normal-Hedge in Section 3 too
brief and too much intertwined with the BW algorithm. (The authors mention
space constraints, but this is surely not applicable to the arXiv version.) I
would prefer to see a self-contained explanation of the intuition behind Normal-
Hedge only, perhaps with forward references to the actual proof. For example,
the authors say that there is a potential function whose average value does not
increase between iterations of the game; a reference to the corresponding place
in the proof might be useful.

In Section 5, it would be interesting to see the comparison between Normal-
Hedge and the Kalnishkan–Vyugin–Cesa-Bianchi–Lugosi algorithm with learn-
ing rate ηt = 1/

√
t. One interpretation of the pictures in this section is that the

Exp and Poly algorithms are quite robust to misspecifying the effective number
of actions; however, eventually they do become worse than Normal-Hedge.
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